The determination of the cross correlation between an m-sequence and its decimated sequence has been a longstanding research problem. Considering a ternary m-sequence of period 3 3r − 1, we determine the cross correlation distribution for decimations d = 3 r + 2 and d = 3 2r + 2, where gcd(r, 3) = 1. Meanwhile, for a binary m-sequence of period 2 2l m − 1, we make an initial investigation for the decimation d = (2 2l m − 1)/(2 m + 1) + 2 s , where l ≥ 2 is even and  0 ≤ s ≤ 2m − 1. It is shown that the cross correlation takes at least four values. Furthermore, we confirm the validity of two famous conjectures due to Sarwate et al. and Helleseth in this case.
D URING the last decades, many applications of sequences with low correlation have been found in cryptography, radar and wireless communication systems [12] . In the CDMA system, a popular method to spread the spectrum is the use of sequences. Using sequences with low (auto and cross) correlation values, the interference of different users during the transmission can be reduced. Therefore, sequences with low correlation have been an important research problem enjoying considerable interests [17] .
Let p be a prime. Let {a t } and {b t } be two sequences of period N with elements from a finite field GF( p). The cross correlation between {a t } and {b t } at shift τ is defined by where 0 ≤ τ < N and ω is a complex p-th root of unity.
There have been many researches concerning the maximal linear sequence (m-sequence). Since an m-sequence owns the ideal two-level auto correlation, many authors focus on the cross correlation between a pair of m-sequences (see [2] , [3] , [6] , [8] , [9] , [13] , [19] , [23] and the references therein).
Recall that the trace function from finite field E = GF( p n ) onto its subfield F = GF( p r ) is defined by T r n r (x) = x + x p r + x p 2r + · · · + x p n−r . For r = 1, we get the absolute trace function mapping onto the prime field G F( p), which is denoted by T r n or T r. A p-ary m-sequence {a t } of period p n − 1 can be represented by
where β ∈ GF( p n ) * and α is a primitive element of GF( p n ).
Suppose (d, p n −1) = 1. The d-decimation of {a t }, which is denoted by {a dt }, is also an m-sequence with the same period. Note that if d ∈ {1, p, . . . , p n−1 }, {a dt } is simply a cyclic shift of {a t }. The cross correlation between {a t } and {a dt } takes two values and is easy to compute [13, Theorem 3.1]. Below, we always consider the nondegenerate decimation d where d ∈ {1, p, . . . , p n−1 }. The cross correlation between an m-sequence of period p n − 1 and its d-decimation can be described by
where χ(x) = w Tr(x) for any x ∈ GF( p n ) and 0 ≤ τ ≤ p n −2. Clearly, calculating the cross correlation value is to compute the Weil sum
where z ∈ GF( p n ) * . Hence, computing the cross correlation distribution is to determine the multiset
Noting that the cross correlation distribution essentially arises in many other contexts with various names, please refer to the appendix of [23] for more details.
For the cross correlation function between an m-sequence and its d-decimation, an overview of known results can be found in [8] , [13] , and [5] . Besides, further generalizations 0018-9448 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. have been made to study the cross correlation of an m-sequence and its d-decimated sequence with gcd(d, p n − 1) > 1 (see [16] , [26] [27] [28] , [31] , [32] ). When p = 2 and (d, 2 n − 1) = 1, the known results on the cross correlation distribution of an m-sequence and its decimation are listed in Table I , where v 2 (k) is the largest power of 2 dividing k. Meanwhile, Table II summaries the known results on the cross correlation distribution when p is an odd prime.
There are many methods which have been proposed to determine the cross correlation distribution. With the help of some known exponential sums, Helleseth [13] , [15] computed the cross correlation distribution for several decimations. Luo and Feng [25] used the technique of quadratic forms to attack this problem. In [8] , Dobbertin et al. developed a delicate method involving the use of Dickson polynomials.
In this paper, we consider the cross correlation between a ternary m-sequence of period 3 3r − 1 and its d-decimation with d = 3 r + 2 or d = 3 2r + 2, where (r, 3) = 1. Following the idea of Dobbertin [7] and Feng et al. [10] , we completely determine the cross correlation distribution. Besides, for the binary m-sequence of period 2 2lm − 1 and decimation d = 2 2lm −1 2 m +1 + 2 s , with l ≥ 2 being even and 0 ≤ s ≤ 2m − 1, we obtain some results on the cross correlation values. When l is odd, the decimation d is of Niho type, which has been extensively studied [3] , [8] , [9] , [18] , [19] , [29] . Recall that any nondegenerate decimation leads to at least three cross correlation values [13, Theorem 4.1]. We further prove that the cross correlation takes at least four values for this decimation. While it seems pretty hard to determine the cross correlation distribution, we confirm the validity of the following two famous conjectures due to Sarwate et al. [30] and Helleseth [13] respectively. Below, we define S d (z) = C d (z) + 1. Conjecture 1. [30] Let n = 2t and p = 2, then max z∈GF(2 n ) |S d | ≥ 2 t +1 . Conjecture 2. [13] If p n > 2 and d ≡ 1 (mod p − 1), then S d (z) = 0 for some z ∈ GF( p n ) * . This paper is organized as follows. In Section 2, we determine the cross correlation distribution for a ternary m-sequence and its decimated sequence mentioned above. In Section 3, we present some results on the cross correlation between a binary m-sequence and its d-decimation, where the above two conjectures are verified for d = 2 2lm −1 2 m +1 + 2 s , with l ≥ 2 being even and 0 ≤ s ≤ 2m − 1. Section 4 concludes the paper.
II. THE CROSS CORRELATION DISTRIBUTION
FOR THE TERNARY m-SEQUENCE In this section, for the ternary m-sequence of period 3 3r −1, we determine the cross correlation distribution with decimation d = 3 r + 2 or d = 3 2r + 2, where (r, 3) = 1.
We first introduce some notations. Given a prime power q = p s , we have the corresponding finite field GF(q). Let ω be the p-th root of unity. The quadratic character of GF(q) is denoted by η. The canonical additive character of GF(q) is
The following two lemmas can be found in [24] , which will be used later.
Lemma II.1. [24, Theorem 5.15 ] Suppose q = p s , where p is an odd prime and s is a positive integer. Then
Lemma II.2. [24, Theorem 5.33] Let q be an odd prime power and f
The following well known identities can be found in [13] . Lemma II.3. We have
where b 3 is the number of common solutions of
As a preparation, we have the following lemma. Proof: We deal with the case where d = 3 r + 2. When d = 3 2r + 2, the proof is similar. Note the above equations are equivalent to
Hence, we deduce that x ∈ G F(3 r ), which means there are 3 r common solutions. Now we state our main result. Theorem II.5. Given an integer r ≥ 2 with gcd(r, 3) = 1. Set n = 3r, d = 3 r + 2 or d = 3 2r + 2. For the ternary m-sequence of period 3 n − 1, the cross correlation with its d-decimation is listed as follows. When r is even, the cross correlation distribution is
ti mes When r is odd, the cross correlation distribution is
ti mes Proof: In the following, we only prove the case d = 3 r + 2. The case d = 3 2r + 2 can be handled similarly.
Let a be a primitive element of G F (27) with
Since gcd(r, 3) = 1, we have E = F(a). For any x ∈ E, it can be expressed as
Since gcd(r, 3) = 1, we consider the case r ≡ 2 (mod 3) at first, in which a 3 r = a 9 . The first step is to compute a direct representation of T r n (x d ) as a function of x 0 , x 1 and x 2 . Note that T r n r (1) = T r n r (a) = 0 and T r n r (a 2 ) = 2. A lengthy routine computation shows
Define the additive character of F as χ F , where χ F (x) = ω T r r (x) , ∀x ∈ F. Consequently, we can compute S d (z) as equation (1) on the top of next page, where
With the help of Lemma II.1 and Lemma II.2, we deduce
Note that
When r is even, S d (z) takes six values 0, 3 2r , 3 3r 2 , −3 3r 2 , 2 · 3 3r 2 and −2 · 3 3r 2 . For 1 ≤ i ≤ 6, use N i to denote the number of occurrences in the corresponding order above. With Lemma II.3, Lemma II.4 and the above discussion, we get
Thus, we complete the proof for the case r ≡ 2 (mod 6).
When r is odd, S d (z) takes four values 0, 3 2r , 3 3r+1 2 and −3 3r+1 2 . For 1 ≤ i ≤ 4, use N i to denote the number of occurrences in the corresponding order above. With Lemma II.3, Lemma II.4 and the above discussion, we get
Thus, we complete the proof for the case r ≡ 5 (mod 6).
For the remaining case r ≡ 1 (mod 3), a similar discussion leads to T r n (x d ) = T r r (2x 2 + x 0 x 2 2 + 2x 2 1 x 2 + 2x 1 x 2 2 + x 1 ). The cross correlation distribution can be obtained in a similar way.
Remark II.1. When r = 3, a numerical experiment shows that the cross correlation distribution for the ternary m-sequence of period 3 9 − 1 with decimation d = 3 3 + 2 = 29 or d = 3 6 + 2 = 731 is −1 occurs 13338 times 728 occurs 27 times 242
occurs 3159 times −244 occurs 3159 times This result is consistent with the distribution presented in Theorem II.5. Hence, in the case where (r, 3) = 3, we conjecture that the correlation distribution is the same as that in Theorem II.5.
III. SOME RESULTS ON THE CROSS CORRELATION
OF BINARY m-SEQUENCES In this section, we focus on the cross correlation between a binary m-sequence of period 2 2lm − 1 and its d-decimated
Some special cases of this form have been studied before. For example, when m = 1, the decimation d = 2 2l −1 3 + 2 s has been studied in [13] where the cross correlation distribution was obtained. If l = 2 and s = 0, the decimation d = 2 4m −1 2 m +1 +1 has also been investigated in [14] . In fact, when l is odd, it is straightforward to verify that d is of Niho type. As shown in [3] , for the decimation of Niho type, the cross correlation takes at least four values. Consequently, it is natural to ask if the same thing happens when l is even. In this case, it is clear that d may not be of Niho type. We will show that C d (z) also takes at least four values. In addition, we confirm that Conjecture 1 and Conjecture 2 are true for this type of decimation d.
Throughout the rest of this section, we always assume that
and l is even. Let α be a primitive element of GF(2 2lm ). We define
The following lemma is a special case of [13, Lemma 3.5]. Lemma III.1.
if a ∈ C 1 . Now, we are ready to prove our result.
z) takes at least four values;
(iii) There exists a z ∈ GF (2 2lm ) such that S d (z) ≥ 2 lm+1 . Proof: By [13, Theorem 3.8], we have
where 2 −s is the inverse of 2 s modulo 2 2lm − 1.
For any z ∈ GF(2 2lm ), define
where i = 0, 1, ∞. Thus,
(2 2lm n ∞ (z)−2 (l+1)m n 0 (z)+2 lm n 1 (z)).
(2)
Equivalently, S d (z) = 2 lm 2 m +1 (2 lm n ∞ (z) − 2 m n 0 (z) + n 1 (z)) and 2 lm | S d (z) . Then a direct application of [3, Lemma 3] completes the proof of (i).
Set A = {α j | 0 ≤ j ≤ 2 m }. It follows from the definition of n i (z) that
Moreover, since (d2 −s − 1, 2 2lm − 1) = 2 2lm −1 2 m +1 , there are exactly 2 m + 1 choices of z ∈ GF(2 2lm ) such that n ∞ (z) = 1.
In the following, we will turn to the proof of (ii) and (iii). Since S d (z) attains 0 and at least one negative value [3, Lemma 1], it suffices to show that S d (z) can take two distinct positive values. Below, we split our discussion into two cases with l > 2 and l = 2.
Next, we show that C d (z) takes at least four values. Otherwise, assume that S d (z) takes three values {u, v, 0}, where u > 2 lm+1 and v < 0. If n ∞ (z) = 0, by (2), we have S d (z) ≤ 2 lm . Thus, S d (z) attains distinct values when n ∞ (z) = 0 and n ∞ (z) = 1. Therefore, given z ∈ GF(2 2lm ), S d (z) = u if and only if n ∞ (z) = 1. We define
Note that there are exactly 2 m + 1 choices of z such that n ∞ (z) = 1. We get N u = 2 m + 1. On the other hand, by the first two equations of Lemma II.3, we have
Below, we will show that v 2 (u − v) < 2lm. Suppose z 1 ∈ N u . Then n ∞ (z 1 ) = 1, n 0 (z 1 ) + n 1 (z 1 ) = 2 m and u = S d (z 1 ) = 2 lm 2 m + 1 (2 lm − 2 m n 0 (z 1 ) + n 1 (z 1 ))
Suppose z 2 ∈ N v . Then n ∞ (z 2 ) = 0, n 0 (z 2 )+n 1 (z 2 ) = 2 m +1 and v = S d (z 2 ) = 2 lm 2 m + 1 (−2 m n 0 (z 2 ) + n 1 (z 2 ))
Hence,
It is straightforward to verify that 2 m (n 0 (z 2 ) − n 0 (z 1 )) + n 0 (z 2 )−n 0 (z 1 )−1 = 0 and v 2 (2 m (n 0 (z 2 )−n 0 (z 1 ))+n
, which implies that N u is even. This leads to a contradiction to N u = 2 m + 1.
zx + x d2 −s belongs to C ∞ (resp. C 0 , C 1 ) if and only if zb k + b kd2 −s belongs to C ∞ (resp. C 0 , C 1 ). In addition, given two distinct x 1 , x 2 ∈ A with x 1 = a i 1 b k 1 and x 2 = a i 2 b k 2 , we have k 1 = k 2 . Otherwise, x 1 x −1 2 ∈ C 0 , which is impossible by the definition of A. Thus, for i = 0, 1, ∞,
Since (d2 −s − 1, 2 4m − 1) = 2 4m −1 2 m +1 , it is easy to see that n ∞ (z) = 1 if and only if z ∈ D 0 . Moreover, we have
From now on, we always regard x and z as elements of D 0 .
Remind that x ∈ D 0 if and only if x 2 m +1 = 1, the equation
is equivalent to
Set u = (d2 −s + 1, 2 m + 1), 1 + 1 zx d2 −s +1 = 0 has exactly u solutions in D 0 .
If u < 2 m + 1, since u is a divisor of 2 m + 1, u ≤ 2 m +1 3 . It is easy to verify that zx + x d2 −s = 0 and 1 + 1 zx d2 −s +1 = 0 share one common solution if and only if z = 1. Hence, we have n ∞ (1) = 1, n 0 (1) = u − 1, n 1 (1) = 2 m − u + 1, which leads to
Similarly, if z = 1, we have
Hence, when u < 2 m + 1, S d (z) takes at least two distinct positive values and one of which is greater than or equal to 2 2m+1 . If u = 2 m + 1, a similar treatment yields n ∞ (1) = 1, n 0 (1) = 2 m , n 1 (1) = 0, which implies S d (1) = 0. Meanwhile, for z = 1, we have n ∞ (z) = 1, n 0 (z) = 0, n 1 (z) = 2 m , which implies S d (z) = 2 3m ≥ 2 2m+1 . It is easy to see that S d (z) = 2 3m if and only if z ∈ D 0 \ {1}. Assume S d (z) takes three values. Then 2 3m must be the only positive value that S d (z) attains. Suppose S d (z) ∈ {2 3m , v, 0} with v < 0. Consequently,
which contradicts the first equation of Lemma II.3. Remark III.1. When l = 2 and s = 1, d = (2 2m + 1) (2 m − 1) + 2 is of Niho type. This decimation has been studied in [29] where C d (z) takes exactly four values.
IV. CONCLUSION
This paper demonstrates some new results on the cross correlation between an m-sequence and its decimated sequence. We make two contributions to this problem. The first one is the determination of the cross correlation distribution for the ternary m-sequence with period 3 3r − 1 and decimation d = 3 r + 2 or d = 3 2r + 2, where (r, 3) = 1. In the case with (r, 3) = 3, it is conjectured that the cross correlation distribution is the same as (r, 3) = 1. The second one is an initial step towards the cross correlation of binary m-sequences with period 2 2lm − 1 and decimation d = 2 2lm −1 2 m +1 + 2 s , where l ≥ 2 is even and 0 ≤ s ≤ 2m − 1. We prove the cross correlation takes at least four values. Additionally, we verify that two famous conjectures due to Sarwate et al. and Helleseth are true in this case. For the cross correlation distribution, numerical experiments show that the cross correlation may take eight or more values. Hence, determining the cross correlation distribution seems to be a very challenging problem.
